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@ Exercise 1. Naive Bayes Classifier

W Exercise 2: Probability of Errors

W Exercise 3. K Nearest Neighbours

W Exercise 4. Perceptron

W Exercise 5: Perceptron Learning
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® Ask you to produce N random numbers

® When n = 10, we have for examples:
W 5,951, 6.196; 6.409; 4.908; 4.876; 5.590; 6.102; 4.915; 4.818; 6.136;
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® Gaussian (or Normal) distribution:
® Has the probability density as:

1 _fas u)®
flz | p,o®) = e 2w

v 2mwo?

Where:

= i is mean or expectation of the distribution (and also its median and mode).
« o is standard deviation

. crz IS variance

® The maximum likelihood estimators of the mean and the variance:
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@ Expected mean and variance for the distribution from the 10 samples:

12.06.17

fo= %Z»ﬂ

1=1
1
= (5.951 + 6.196 + 6.409 + 4.908 + 4.876 + 5.590 + 6.102
+4.915 + 4.818 + 6.136)
~ 5H.h90
I R
- ! T
i=1
1 1 1
= (5.951 — 5.590)% - — + (6.196 — 5.590)% - — + (6.409 — 5.590)% - — +
(5.951 = 5.500)" - 75 + (6.196 = 5.590)" - 75 + (6 590)"- 35
1 1 1
4.908 — 5.590)% - — + (4.876 — 5.590)%2 - — + (5.590 — 5.590)% - —
(4.908 — 5.590) 1“+( 376 — 5.590) m+()).. 7.590) 1”+
1 1 1
6.102 — 5.590)% - — + (4.915 — 5.590)% - — + (4.818 — 5.590)% - — +
(6 590)7- 75 + (4915 = 5.590)7 - 75 + 590)"- 75
1
1,136 — 5.590)% . —
(6.136 — 5.590) 10

~ 0.645
o ~ 0.803
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® We have a Gaussian distribution from 1b)
B p(X|wl) ~ N (5.590; 0.645)

W Assume we have another distribution:
B pX|w2) ~N(.5;1)~py=55ando™2=1

@ Given a new random number x, we want to estimate which distribution
(w1l or w2) the number likely belongs to
W Bayes Classifier: assign x to the distribution (or class) which has the
highest posterior probability p(w_[x) (Maximum a posteriori - MAP)

@ Posterior probability in Bayes theorem is defined as:

p(z|we) P(we)

Plclr) p(x)
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W x=5.805
ity — Pl P(wi)
B p(wl]x) <> p(w2]|x)? o) Plwr) ﬁe(—é(%mﬂm
u p(wllx)p(wl) <> p(mzlx)p(wz) B 11 (— 1 (5:805-5.590 y2 0.3
® p(x) is skipped T VA 0803 T
® p(x|jwl),p(x|w2) are known ~ 04977790 0.3 %~ 0.144
B p(wl),p(w2) are also known
| _ P(@|wz) P(w2)
Plunle) = ()
p(ﬂwz)P(wz) = ﬁ(j(_%[a;l}z}j:’(wz)
qyep;
_ \/Qi 16(_%(5.80.’1—5.5)2}.[}+7

~ 0.399 . 0%7.0.7 ~0.293
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B Given two Gaussian distributions w1l and w2 of univariate x

@ Can we decide which class given x and a threshold 07
W eg.x<O0=wlandx>0=>w2

® How to estimate the classification errors for
different values of 67 0-4—;

Gaussian Distribution
— pu=-10,0=1.0
p=3.0,0=10

w2
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® We estimate the misclassification using probability of errors (the
probability of making a wrong decision).
B (xewlandx>0)+ (x € w2and x<0)
B Use probability density function (PDF) but need to scale with class prior

00 7]
Pronien(6) = / p(zlwr) Plwr)dz + / p(leon) Plws)da
2] —'oc
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® Find the eopt which minimizes P___(0)

a P__(0)is minimized when p(w1]0).p(wl) = p(w2]6).p(w2) (You find
the proof yourself!)

04—
! Gaussian Distribution ;
P(w)p(zlw1) = P(w2)p(x|ws) — p=-10,0=10
3 J- _(gth'I'l)z 2 J_ _(Qon_a)z IJ— 30,0—10 §
= c 2 = Z e 2 03— o
I\ 2T D\ 2T L Y
w
_ (gopt'f'l)z _ (Hopt—:%)z %\
3(3 2 = ¢ 2 3
3 wopt'f'l)z—wopt—?‘)z 8 W2
2 — € :
1.5 = e*fort—t g
I,ﬂlq == 49933“' —_ 4 :
_ Inl5 .
Hopt = 1+ 1 ~ 1.101 | | | U_;_M | :
-6 -4 -2 0 2 4 6
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® The probability of error when 0 = eop-

£
oo ]
Perror(8) = /p(:,i:|w1)P(w1)er: + / plx|ws) Plws)dx
4 B
- 2 f 2
3 1 {z41)° 2 1 {z—3)"
= - e 2 dr+-— / e 2 dx
D / V2T o) V2m
f —0
oa 1.1
3 / 1 _{r+zu2 N 2 / 1 _{r—z:ngﬂi
= - € ' T+ — e T dx
5) Vor 5. Vor
1.1 —
0o 1.1-3
3 1 2 2 1 .
= - . — e 2dr+ - — /l’_zﬂrl
b V27 / H 27
1.141 -0
3 7 2 7
2 2
= —-(l—-— e~ Tdr) + = 1——/(‘Td1
5 ( V2, ) 5] ( \}Q?T . )
-0 — 0
3 2
= - (1 —-®(2.1)) + 5 (1 —-@(1.9))
1 4 _
~ E-(I—U.E}S)—{-E-(I—U.Q{)
3 2
= E-U.U?-ﬁ-ﬁ -0.03
~ 0.022

Y interacT
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W |f the actual error rate is higher than calculated in part 2c:

® The probability density function is only an estimate that corresponds to the
real distribution (as close as possible, but does not perfectly represent
them)

B Too little or distorted measurement data.

V)
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@ K-Nearest-Neighbors classification
® Nonparametric which is different from Gaussians
B Simple, almost no learning step (except the selection of k)

) |
interacT
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W K-Nearest-Neighbors algorithm: Find k closest samples (using some
distance measure) and decide the class with the largest samples

® Using Euclidean distance
® K=1=>Circle, K=5=>Cross

10 10 T T T

8 - - 8 x .

6 - = 6 x a

4+ = 4 + X o o -

[s]
2r - 2 F 4
0 | | | | O 1 | | |
0 2 4 6 8 10 0 2 4 6 8 10
) 1
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W Recap:
® Single perception and linear separability
m Asingle-layer perceptron is a function of n-dimentional input (x,,X,.., X )
g(X) — W, + ZWiXi
i=
W Used to classify patterns said to be linearly separable

® For 2-dimentional input, the perceptron can be drawn by a line in Cartesian
coordinate system

g(x) = wix1 + wazs + b

) 1
interacT
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@ Two classes are not linearly separable

10¢
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@ Two classes are not separated by a single perceptron

W But can be separated by multi-layer perceptron due to non-linear
activiation functions

@ See a MLP in https://lecture-demo.ira.uka.de/neural-network-demo

10¢
8r 1+ @
e
6} ° °
(o)
b
(5]

4 ] * o e [o)

(4] b o
2 o e |

o 1
DD 2 4 6 8 10
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@ Two classes are not linearly separable

10¢
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® |n Polar coordinate system, a line includes points having the angle but
different distance => will be a circle with the center (O, 0) in Cartesian
coordinate system

® Not separable

10¢
8t o " x
6 o 0
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@ Two classes are separable

101
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@ We want to train a perceptron to classify inputs correctly
W Use Perceptron Learning Algorithm to find the desired parametters

Require: positive training patterns P and a negative training examples A/
Ensure: if exists, a perceptron is learned that classifies all patterns accurately

1: initialize weight vector w and bias weight wy arbitrarily
2: while exist misclassified pattern 7 € P UN do

3: ifx € P then

4 W w—+T
5 wo «— wo + 1
6: else

7 W w—21T
8 wp «— wy — 1
9: endif

10: end while

11: return W and wy

The algorithm is taken from Q)" | N t erAacCT

http://ml.informatik.uni-freiburg.de/_media/documents/teaching/ss09/ml/perceptrons.pdf -
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@ Perceptron Convergence Theorem

® For any data set which is linearly separable, the perceptron learning rule is
guaranteed to find a solution in a finite number of iterations

W Find the proof yourself!

) 1
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@ The exercise acutally asks you to perform perceptron learning

® [teration 1:

24 12.06.17
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. wy = (_11);bn =0 = golz) =21 — 29

gold,) = —1.2 :,.'1- B (Fehlklassifikation)

)
gn{@‘z) = —0.6 =,‘1> B (Fehlklassifikation)
go(b1) = —-1.3 = B
_{}n{bg} -1.9 = B

Damit sind zwei Punkte aus Klasse A falsch klassifiziert, Ey = {ay, a»}.

Daraus ergibt sich nach dem ersten Iterationsschritt:

- 1
w - —
(E l) = -1] — {—]_]Iﬂ.l — I[—]_]Iﬂ.g
N
0
1 —0.4 —0.8 —0.2
=|-1] (-1 08 |-(-1)|-02]=]-04
0 1 1 2

= q1(r) = —0.2x) — 0.4xy + 2

Geradengleichung fiir die Zeichnung: x9 = —0.5x; + 5
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@ |teration 2:

2. gl(al} =1.76 = A
gi(dy) =224 = A
g1(b1) = 1.3 == A (FehlKlassifikation)
0 (52) —1.48 == A (Fehlklassifikation)

Damit sind zwei Punkte aus Klasse B falsch klassifiziert: £} = {by, b2}

) ~0.2 —0.2 0.4 —0.4 —0.1
(Tlf’z) = —04) —(b —Wby=|-04]-)|16] - 15 | =|-35
2 2 2 1 1 0

= go(xr) = —0.1x7 — 3.529

Geradengleichung fiir die Zeichnung: ro = ==

35

V)
_{Q) interacT
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@ [teration 3 & 4 & 5:

3 gi'g{ffl}l =-276 = A
g2(d2) = 0.78 = A
{}2“}1} = —5.63 = B
{}2{52} =-5.21 = B
(H_, _[}r:.l
"*’) = | 27
bs 1
Geradengleichung fiir die Zeichnung: x5 = %7“”

W Stopped at
® (w,Db,)=(-0.9 -1.9, 2.0)"

26 12.06.17
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4. g;.;{ﬁ.'l = —0.96 :1?- A

)

.f}:-s(!i-'z) =194 — A
)
)

g3(b)) = —4.47 = B
gs(bs) = —2.85 = B
- —0.9
(1"4) — [ -19
! 2
Geradengleichung fiir die Zeichnung: zy = —21+20

Cqu(@) =084 = A

_{_}',_1“}1 = —].3]. = B

)
aali) =31 = A
)
g4{f}g) = —049 = B

V)
_{Q) interacT

KIT, Interactive Systems Laboratories



I Exercise 5

27 12.06.17

Ubung 2 - Maschinelles Lernen und Klassifikation

AT

Karlsruher Institut fir Technologie

2 4
. 9q :
Rm('t{
™~ - 15
g3(x) @ '.'H"hm..
: R
5 N -
0.5 : //+ x""“‘k-..h
. "'\ .
o
920 ¢
15 1® -5 0 0.5 1 15 2

05

15 !
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